Abstract. On Hardy space H 2 (D 2 ) over the bidisk, let (S z , S w ) be the compression of the pair (T z , T w ) to the quotient module H 2 (D 2 ) M . In this paper, we obtain an index formula for (S z , S w ) when it is Fredholm. It is also shown that the evaluation operator L(0) is compact on a Beurling type quotient module if and only if the corresponding inner function is a finite Blaschke product in w.
Introduction
In this paper, let C[z, w] is the polynomial ring in two variables, and P N stands for the orthogonal projection from H 2 (D 2 ) onto N . Then (S z , S w ) is a pair of commuting contractions, which is called the two variable Jordan block. We also denote the compression of T z and T w on M by R z and R w , respectively, that is,
It is easy to see that R = (R z , R w ) is a pair of commuting isometries.
In the one variable Hardy space H 2 (D), the classical Beurling theorem implies that every submodule is of the form M = θH 2 (D) for some inner function θ. In the one variable setting, the compression S(θ) = P N T z | N is called the Jordan block (cf. [Be] [SF]). Here P N is the orthogonal projection from H 2 (D) onto the associated quotient module N . It is well known that the index of S(θ) is always 0. However, the structure of submodules of H 2 (D 2 ) is far more complex. For instance, W. Rudin displayed two submodules in [Ru] , one which was of infinite rank, and the other which contained no nontrivial bounded functions. There has been a large amount of work on the operator theory and structure of Hardy submodules on the polydisk; see [CG] , [CMY] , [DP] , [GM] , [Ya1] - [Ya8] and references therein.
If we denote
In [Ya3] , the third author showed that if φ is inner, then
if and only if φ is a finite Blaschke product in w. In this paper, we will show that the condition is also a necessary and sufficient condition for the compactness of
; here we will take a different approach.
The core operator
w . For convenience, we will suppress the "M " in our writing. The core operator (also called the defect operator) has been been well studied on the bidisk or unit ball; see [Ar] , [GY] , [Guo] and [Ya7] - [Ya8] . Let E −1 (C) and E 1 (C) be the corresponding eigenspace for C. The index of (S z , S w ) can be determined with a mild condition. For example, it is indicated in [GRS] that if M contains a bounded function that does not vanish at (0, 0), then ind(S z , S w ) = 0. In [Ya6] and [Ya8] , the author showed that if C is a Hilbert-Schmidt operator, then (R z , R w ) and (S z , S w ) are both Fredholm, and ind (S z 
and the index of (S z , S w ) also equals dimE
are also important subjects in the study of Hardy submodule over the bidisk, and we will show that if (S z 
Evaluation operators
The evaluation operators, which turn functions of two variables into functions of one variable, serve as a bridge connecting the operator in H 2 (D 2 ) to single operator theory. The evaluation operators also play an important role in the proof of Section 3.
We define a difference quotient operator Ya3] ). Without confusion, the restriction of D z on M zM is also denoted by D z . There are systemic studies on the evaluation operators and difference quotient operators; see [Ya3] and [Ya4] .
In [Ya2] , it is showed that L(0) is always Hilbert-Schmidt on M wM ; however, L(0) may not be Hilbert-Schmidt on M . The following property gives a sufficient condition and may be of interest by itself.
is not Hilbert-Schmidt. This completes the proof.
Example 1. If ψ(w) is an analytic function with ψ
, and therefore S z ≤ ψ ∞ < 1. By Theorem 3.2 in [Ya5] , I − S * z S z is in trace class, and hence L(0) is not HilbertSchmidt on M .
The compactness of L(0)| N and R(0)| N has a closed relationship with the essential normality of N ; for example, see [GW2] . We will characterize the compactness of L(0) on Beurling type quotient module completely. Let M = φH 2 (D 2 ) be a Beurling type submodule, where φ is an inner function in H 2 (D 2 ). Then
and the Hankel operator
H f is defined by H f (h) = (I − P )(fh), where h ∈ H 2 (D 2 ). It is well known that (2.1) T fg − T f T g = H * f H g , for any f, g ∈ L 2 (T 2 ). Proposition 2.2. Let M = φH 2 (D 2 ) be a Beurling type submodule and N = H 2 (D 2 ) φH 2 (D 2 ). Then L(0
) is compact on N if and only if φ is a finite Blaschke product in w.
Proof. First we recall that for any λ = (λ 1 , λ 2 ) ∈ D 2 , the normalized reproducing kernel of
From formula (2.1), we have
Then it follows that
which together with (2.2) gives us that
It follows that there is a subset E of T with measure 1 such that for any λ 1 ∈ D,
and hence φ(·, w) is a constant function with module 1 for every w ∈ E. Let
Then for every w ∈ E and k = 1, 2, . . . , we have
and hence φ k = 0, i.e., φ = φ(w). It is easy to check that
and L(0) is an isometry acting on it. The compactness of L(0) implies that H 2 (w) φH 2 (w) is finite dimensional, which is possible only if φ is a finite Blaschke product in w.
On the other hand, if φ is a finite Blaschke product in w, by Corollary 4.2.2 in [Ya3] L (0) is Hilbert-Schmidt on N. This completes the proof.
An index formula
In this section, we will prove that if (S z , S w ) is Fredholm, then
and we will give an index formula for (S z , S w ), i.e., ind(S z , S w ) = dimE 1 (C) − E −1 (C) − 1. First, let us recall some notation and useful tools.
Koszul complex. For every pair of commutating operators A = (A 1 , A 2 ) on a Hilbert space H, there is a short sequence
where
It is easy to check that 
It is well known (cf. [Cu] ) that the tuple A = (A 1 , A 2 ) is Fredholm if and only if
is Fredholm on H ⊕ H, and in this case ind(A 1 , A 2 ) = ind A. We refer the reader to [Cu] for more detailed discussions of Fredholm complexes for n-tuples. w . C and Δ S are useful tools in the study of Hardy submodules, and we refer the reader to [GY] , [Ya7] and [Ya8] for more details.
Let η denote the function P N 1. If M is nontrivial, then 1 / ∈ M , i.e., η = 0. It is indicated in [Ya7] that Δ S * is a rank one operator, and in fact Δ S * = η ⊗ η. We write Z(M ) = {(λ, μ) ∈ D 2 |f (λ, μ) = 0, for all f ∈ M }. 
